Time-calibrated molecular phylogenies of extant species ("extant timetrees") are widely used for estimat-2 ing the dynamics of speciation and extinction rates and reconstructing macroevolutionary events such 3 as mass extinctions. However, there has been considerable debate surrounding the reliability of these 4 inferences in the absence of fossil data, and to date this critical question remains unresolved. Here we 5 mathematically clarify the precise information that can be extracted from extant timetrees under the gen-6 eralized birth-death model, which underlies the majority of existing estimation methods. We prove that 7 for a given extant timetree and a candidate diversification scenario, there exists an infinite number of 8 alternative diversification scenarios that are equally likely to have generated a given tree. These "con-9 gruent" scenarios cannot possibly be distinguished using extant timetrees alone, even in the presence of 10 infinite data. Importantly, congruent diversification scenarios can exhibit markedly di erent diversifica-11 tion dynamics, suggesting that many previous studies may have over-interpreted phylogenetic evidence. 12 We show that sets of congruent models can be uniquely described using modified identifiable variables, 13 corresponding to an e ective speciation and diversification rate in special idealized scenarios that can-14 not be distinguished from their congruent alternatives. We advocate a shift from thinking about specific 15 diversification scenarios to considering classes of multiple congruent scenarios, and show how such an 16 approach can provide a deeper and more robust view of the processes that shape diversity through time.
di erent birth-death models. The first model exhibits a constant speciation rate and a sudden mass extinction event about 5 Myr before present; the second model exhibits a constant extinction rate and a temporary stagnation of the speciation rate about 5-6 Myr before present; the third model exhibits a mass extinction event about 10 Myr before present and a variable speciation rate; the fourth model exhibits an exponentially decreasing extinction rate and a variable speciation rate. In all models the sampling fraction is fl = 0.5. All models exhibit the same deterministic LTT (dLTT), the same pulled speciation rate (⁄ p ) and the same pulled diversification rate (r p ), and would yield the same likelihood for any given extant timetree. ⁄ p = ⁄ · (1 ≠ E).
As becomes clear in Eq. (8), in the absence of extinction and if fl = 1, the relative slope ⁄ p becomes equal 27 to the speciation rate ⁄; in the presence of extinction ⁄ p is artificially pulled upwards near the present, an 28 e ect known as the "pull of the present". Reciprocally, under incomplete sampling ⁄ is artificially pulled 29 townwards near the present. We shall therefore henceforth call ⁄ p the "pulled speciation rate". 30 Taking the derivative on both sides of Eq. (8) and using Eq. (4) to replace dE/d· leads to:
where we defined the "pulled diversification rate":
Rearranging terms in Eq. (9) yields:
which shows that r p can be directly calculated from the dLTT.
S.1.2 The likelihood in terms of the LTT and dLTT
and R(· ) is defined as:
It is straightforward to confirm that satisfies the property (s, · ) = (0, ·)/ (0, s); using this property 48 in Eq. (12) leads to:
Since each internal node except for the root is the child of another internal node, the enumerator and denom-50 inator in Eq. (15) partly cancel out, eventually leading to:
where M o is the number of extant species included in the timetree. Hence:
Using Eq. (19) in Eq. (13) yields:
Recall that fl⁄ o = ⁄ p (0) according to standard theory (Sanmartín and Meseguer, 2016, Louca et al., 2018) , 58 so that Eq. (20) can be written as:
Note that:
Hence, Eq. (21) can be further simplified to:
Inserting Eq. (23) into the likelihood formula (16) yields:
Recall that (1 ≠ E) ⁄ = ⁄ p according to Eq. (8), which when inserted into (24) yields:
Since ⁄ p M = ≠dM/d· , Eq. (25) becomes:
A corollary of Eq. (26) is that for any given extant timetree, any two models with the same dLTT will also upon the splitting at the root and the survival of the root's two daughter-lineages, as follows:
Note that Eq. (27) can be obtained from (12) by setting the stem age equal to the crown age (· o = · 1 ) 70 and adjusting the conditioning. Following a similar procedure as above, it is easy to show that L r can be 71 expressed in the following alternative forms:
and In the following we show how the likelihood of an extant timetree under a birth-death model can be expressed 76 purely in terms of the tree's LTT and the model's pulled speciation rate ⁄ p . 77 We begin with the case where the stem age is known and the likelihood is conditioned on the survival of the 78 stem lineage. Our starting point is the likelihood formula in Eq. (26):
where M is the dLTT and M o := M (0). From Eq. (7) it is easy to obtain the following relationship between 80 M and ⁄ p :
where we defined:
Inserting Eq. (31) into Eq. (30) yields:
and hence:
If only the crown age is known and the likelihood is conditioned on the splitting at the root and the survival 85 of the root's two daughter-lineages (likelihood formula in Eq. (29)), we instead obtain the expression:
S.1.4 Calculating ⁄ from r p and µ 87 In the following we provide the general solution to the di erential equation (4) in the main article:
with initial condition:
We assume that r p and µ ú are su ciently "well-behaved", specifically that they are integrable over any finite 90 interval. Observe that Eq. (36) is an example of a Bernoulli-type di erential equation, as it can be written 91 in the standard form:
where -= 2, P = r p + µ ú and Q = ≠1. Using the standard technique for solving Bernoulli di erential 
where we defined: Rp(s) ,
where we defined: 
In the special case where r p is time-independent and non-zero, the solution in Eq. (45) simplifies to:
Our starting point is the likelihood formula in Eq. (16), Supplement S.1.2. Define:
Then from the definition of r p (Eq. 1 in the main article) we have:
Exponentiating (49) and rearranging yields:
Inserting Eq. (50) into the definition of in Eq. (13) yields: Rp(u) 6 ≠2
.
Inserting Eq. (51) into the likelihood formula (16) yields: Rp(u) Rp(u) 6 ≠2
Recall that (1 ≠ E)⁄ = ⁄ p according to Eq. (8), which when inserted into Eq. (52) yields: Rp(u) Rp(u) 6 ≠2
From Eq. (??) we know that ⁄ p satisfies the initial value problem (Bernoulli di erential equation):
It is straightforward to verify that the solution to Eq. (54) is given by: (55) Rp(u) 6 ≠1 Rp(u) 6 ≠2
In the alternative case where only the crown age is known, and the likelihood is conditioned on the splitting 133 at the root and the survival of the root's two daughter lineages, we obtain the following expression for the 
and R was previously defined in Eq. (14) . Note that the formula in Eq. (58) can be readily obtained using 146 equations 8, 10b and 11 in (Kendall et al., 1948) , after setting the time variable therein equal to · o (i.e. 147 t = · o ), switching from time to age (· = · o ≠ t), and adding the term ≠"(· ) ln fl to the extinction rate 148 (where " is the Dirac distribution, peaking at age 0) to account for incomplete species sampling. As shown 149 previously in Eq. (50), we have 150 e R(· ) = e Rp(· ) 
where R p is defined as: Rp(s) .
Since fl⁄ o , r p and R p are the same for all models in a congruence class, H is also constant across the 153 congruence class.
154
The probability of obtaining a tree of size n Ø 1 conditional upon the age of the stem lineage (· o ) and its 155 survival to the present, denoted P stem (n), is given by the ratio P (n)/(1 ≠ E(· o )), i.e.:
156 P stem (n) = (1 ≠ H) · H n≠1 .
Since H is constant across a congruence class, the same also holds for P stem (n) for any n. The probability of obtaining a tree of size n Ø 1 conditional upon the splitting of the root at age · o and the survival of its two daughter lineages, denoted P root (n), can be derived in a similar way, as follows. The probability that 159 the two daughter lineages survive, conditional upon the split at age · o , is given by the product:
The probability that the two daughter lineages survive and the timetree has size n Ø 1, conditional upon the 161 split at age · o , is given by the following sum of probabilities: 162 P (daughter lineages survive and tree has size n | split at · o ) = n≠1 ÿ k=1 P (k)P (n ≠ k)
Dividing Eq. (65) by Eq. (64) yields the desired probability:
as the solution to the following initial value problem:
It is straightforward to verify that the solution to the above problem is given by:
where we denoted: 
Note that g -,-is dLTT-preserving, that is, it maps models to models within the same congruence class. 
constitutes a group with group operation:
and identity element g 1,1 . The group G acts on the set of birth-death models, while preserving dLTTs. ⁄ = ⁄(·, q), µ = µ(·, q).
For simplicity, assume that the sampling fraction fl is given (identifiability issues associated with uncertainties 241 in fl are already well known; Stadler, 2009 , Morlon et al., 2010 , Stadler, 2013 , Stadler and Steel, 2019 . 242 Now consider some particular choice of parameters, q, with corresponding PDR: 243 r p (·, q) = ⁄(·, q) ≠ µ(·, q) + 1 ⁄(·, q)ˆ⁄
and present-day speciation rate ⁄(0, q). For any other choice of parameters h oe R n , the corresponding model 244 would be in the same congruence class as the first model if and only if ⁄(0, h) = ⁄(0, q) and r p (·, h) = 245 r p (·, q) for all ages · Ø 0, in other words ⁄(·, h) must be a solution to the initial value problem:
246ˆ⁄ (·, h) · = ⁄(·, h) · [r p (·, q) ≠ ⁄(·, h) + µ(·, h)] , ⁄(0, h) = ⁄(0, q).
Unless the functional forms of ⁄ and µ have been specifically designed for this purpose, it is generally unlikely 247 that Eq. (77) will be satisfied for some h " = q. 248 A stronger argument for the low probability of congruence ridges can be made as follows. Suppose that q 249 was part of a congruence ridge, i.e. a sub-manifold in parameter space belonging to the same congruence 250 class. Then there must exist a curve in parameter space, i.e. a one-parameter function h : [≠Á, Á] ae R n , 251 passing through q (e.g., say h(0) = q), such that: 252 r p (·, h(s)) = r p (·, q), (78) and such that: 253 ⁄(0, h(s)) = ⁄(0, q),
for all s oe [≠Á, Á] and all · Ø 0. Taking the derivative of Eq. (78) with respect to s at 0 yields: 
where · r is the age of the root and p 1 , .., p 7 , q 1 , .., q 7 are fitted parameters. Parameters were fitted using the 339 castor function fit_hbd_model_parametric (options "condition='stem', relative_dt=0.001, 340 param_min=-100, param_max=100"). As in the first approach, fitting was repeated 100 times to avoid 341 local non-global optima. In both approaches, the likelihood only incorporated branching events at ages 342 between 0 and 130 Myr, since the LTT and any parameter estimates become much less reliable at older ages. birth-death models. Both models exhibit a temporary spike in the extinction rate and a temporary spike in the speciation rate, however the timings of these events di er substantially between the two models. Both models exhibit the same dLTT and the same pulled diversification rate r p , and would yield identical likelihoods for any given extant timetree. 
